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Abstract—Voltage unbalance or sag conditions generated by
the line excitation can cause the input rectifier stage of an
adjustable-speed drive (ASD) to enter single-phase rectifier operation. This degradation of the input power quality can have a
significant negative impact on the induction-machine performance
characteristics. This paper provides an approximate closed-form
analysis of the impact of line-voltage sags and unbalance on the
induction-machine phase voltages, currents, and torque pulsations
for a general-purpose ASD consisting of a three-phase diode
bridge rectifier, a dc link, and a pulsewidth modulation (PWM)
inverter delivering constant volts-per-hertz excitation. Attention
is focused on the impact of the dominant second harmonic of
the line frequency, which appears in the dc link voltage during
the sag/unbalance conditions, neglecting the impact of the other
higher order harmonics. In addition to the closed-form analytical
results that assume constant rotor speed, both simulation and experimental results are presented, which confirm the key analytical
results, including the dominance of the second harmonic in the
resulting torque pulsations. The analytical results can be used as a
valuable design tool to rapidly evaluate the approximate impact of
unbalance/sag conditions on ASD machine performance.
Index Terms—Adjustable-speed drives (ASDs), input-voltage
sag and unbalance, power quality, torque pulsation.

I. I NTRODUCTION

T

HE NATURE of power-quality problems, their frequency,
and the problems they cause have been reported in [1]–[3].
Input-voltage unbalance, sags, waveform distortion, frequency
variation, noise, spikes, outages, and surges are all well-known
power-quality disturbances. Fig. 1 illustrates the approximate
percentage voltage unbalance found on power distribution systems in the United States based on data extracted from field
survey results [4].
Adjustable-speed drives (ASDs) are widely used in both
industrial and commercial applications as the most versatile and
efficient means of achieving motion control. Input-voltage unbalance and sag conditions can have serious performance consequences in ASDs, including abnormally low input line power
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Fig. 1. Approximate voltage-unbalance percentage in U.S. distribution
systems [4].

factor, high input-current harmonic distortion, overstressed dcbus capacitors, high pulsating torque, and motor overheating.
In the U.S. today, the overall cost of motor loss of life due to
harmonic pollution and voltage imbalance is estimated to be
U.S. $1–$2 billion per year [5].
In previous studies, considerable attention has been given
to calculating sixth-harmonic torque pulsations caused by balanced three-phase nonsinusoidal excitation. This type of pulsating torque [6] is principally produced by interactions between
the fundamental electromagnetic flux and the fifth and seventh
harmonic currents. A method of predicting the sixth-harmonic
electromagnetic torque of an induction motor caused by excitation with six-step voltage waveforms was presented in [7].
The resulting pulsating torque can have undesirable effects [8]
including vibration and audible noise [9], [10]. For example,
pulsating torque can excite the natural frequencies of the mechanical drivetrain, degrading system performance [11], [12].
The attention in this paper is focused on the effects of
unbalanced input line excitation of general-purpose ASDs that
consist of a three-phase rectifier input stage, a dc link, and
a pulsewidth modulation (PWM) inverter stage that delivers
constant volts-per-hertz excitation. Although dc bus inductors
can be installed to improve the inverter output quality, their use
is not common in ASDs sold today because of their size and
cost. As a result, the ASD model adopted for this paper uses
only capacitance on the dc link.
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Transient voltage sags or steady-state voltage-unbalance conditions in the three-phase input line voltages can cause the
rectifier stage to transition into single-phase rectifier operation.
Such operation creates significant amounts of harmonic voltage
on the dc link at twice the line frequency (120 Hz for 60-Hz
excitation). This link-voltage ripple at the inverter input terminals affects the PWM output voltage waveforms, causing
low-frequency harmonic currents to flow in the machine. These
harmonic machine currents, in turn, create undesired torque
pulsations (i.e., ripple torque) that are dominated by the second harmonic of the input line frequency (120 Hz), the same
frequency that appears in the dc link voltage.
The new contribution of this paper is the development of
closed-form expressions that approximately capture the relationship between the input-voltage unbalance/sag conditions
and the resulting induction-machine performance characteristics for finite values of input line inductance and dc bus
capacitance. The attention is focused on the calculation of
induction-machine harmonic current and pulsating-torque amplitudes in response to the second line-harmonic frequency
component that appears in the dc link voltage. The results of
this investigation are valuable since the second line harmonic
that appears in the dc link voltage dominates the resulting
harmonic effects.
The closed-form analytical expressions are verified using a
combination of dynamic simulations and experimental tests. A
3.7-kW 460-V ASD system is used as the target for these verification efforts, providing valuable results that raise confidence in
the accuracy and value of the analytical results. The availability
of these relationships provides a convenient tool for rapidly and
quantitatively evaluating the impact of varying levels of input
line-voltage sag and unbalance on the ASD induction-machine
performance.
II. S YSTEM D ESCRIPTION
The most common types of voltage sags experienced by
three-phase loads have been classified as types A, C, and D
[1]. For a type-A voltage sag, all three phase voltages drop in
magnitude by the same amount while retaining 120◦ displacements. For type C or D sags, the three phase voltages change
by different amounts and their phase angles change as well,
creating unbalanced excitation conditions.
In this paper, a type-C sag and its associated voltage unbalance was selected as the target input excitation condition
for study. The type-C sag was chosen because it is relatively
common among voltage-sag events and causes the rectifier
to transition into single-phase conduction quite easily. Fig. 2
shows a voltage phasor diagram of a typical type-C sag condition. As noted above, both the amplitudes and the phase angles
of the phase B and C voltages change from their balanced
excitation values during a type-C sag.
For the ASD configurations that are the subject of this
investigation, three-phase ac line voltages are fed to a threephase rectifier (D1 –D6 ) bridge, as shown in Fig. 3. The threephase input line-impedance values are equal (i.e., balanced),
consisting of line inductance La and resistance Ra . The dc
bus voltage is buffered by dc bus capacitance Cd . The PWM

Fig. 2.

Phasor diagram of type-C three-phase unbalanced input-voltage sag.

inverter consists of six insulated gate bipolar transistor (IGBT)
switches (SW1 –SW6 ) and their antiparallel diodes. PWM control of these switches is used to synthesize variable-frequency
variable-amplitude ac-voltage waveforms that are delivered
to the induction machine following a constant volts-per-hertz
algorithm.
The input rectifier stage of the ASD can easily slip into
single-phase operation during such sag/unbalance input excitation conditions. Fig. 4 provides an example of how the dc bus
voltage and the input current waveforms change as a function
of the input line inductance (La ) values [14] for a type-C sag
with 2.5% voltage unbalance.
The dominant ac component in the resulting bus voltage
Vd waveform occurs at the second line-harmonic frequency
(120 Hz). It is this second-harmonic voltage component that,
in turn, dominates the generation of undesirable line sag/
unbalance effects in the induction-machine operating characteristics. Attention is focused next on developing closed-form
expressions that quantify the induction-machine performance
effects caused by this second-harmonic component.
III. A NALYSIS
A. DC-Bus Voltage Analysis
As discussed in the preceding section, the rectifier stage
can enter the single-phase rectifier mode with discontinuous
conduction. Assuming that the inverter load can be modeled
as a fixed resistor RL for a particular operating point, we define
the dc-bus current (id ) and voltage (Vd ) as state variables in a
second-order system. The system differential equations can be
summarized during the rectifier conduction and nonconduction
intervals, respectively, as
For tin < t < tex
did
+ Vd
dt
Vd
dVd
+
id = Cd ·
dt
RL

Vs = id · Rs + Ls

and for tex < t < tin +

1
2

(1)
(2)

·T

id = 0
1
dVd
=−
Vd
dt
Cd RL

(3)
(4)
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Induction-machine ASD power circuit diagram including a three-phase input rectifier stage, a dc link, and a three-phase output inverter stage.

Fig. 5. Three-phase VSI diagram.

Fig. 4. Rectified input line voltage during single-phase operation caused by a
type-C sag with 2.5% unbalance, showing dc-bus input current idc and dc-bus
voltage vd with varying line inductance (1%–2%).

where Ls = 2La , Rs = 2Ra , tin is the bus current id inception
time, tex is the extinction time, and T is the period of the ac
excitation frequency (e.g., 1/60 = 16.7 ms for 60-Hz excitation)
(see Fig. 4).
The closed-form solution of the dc-bus voltage Vd (t) is
expressed as

A· e−αt · cos(βt)+B · eαt · sin(βt)


tin < t < tex
Vd (t) = + M · cos(ωt)+N · sin(ωt),


− t−tex
Vd (tex ) · e Cdc RL ,
tex < t < tin + T2
(5)
where the coefficient definitions and derivation details are
provided in a separate paper [13].
This closed-form bus-voltage expression makes it possible to
analyze the effects of finite values of input line inductance and
dc bus-capacitance values on induction-machine performance
during sag/unbalance conditions.
B. Induction-Machine Circuit Analysis
The voltage-source inverter (VSI) diagram in Fig. 5 is used
to define key terminal-voltage variables in the ASD inverter

stage. For PWM operation, the output voltage waveforms of
the inverter can be calculated by multiplying the dc bus voltage
Vd with the inverter PWM switching function [14].
Under input-voltage unbalance or sag conditions, the presence of the second line frequency (2ωi ) harmonic voltage component in the dc bus voltage generates low-frequency harmonic
components in the inverter output voltages at the sum and
difference frequencies with the inverter output frequency (ω0 ).
For purposes of this analysis, it is assumed that the inverter
PWM algorithm does not include any capability to detect and
compensate for dc bus-voltage ripple.
Neglecting the impact of the higher order harmonic components in the dc bus voltage, the motor phase a line-to-midpoint
voltage (Va0 ) can be approximated as
Va0 (ω0 t) =

1
· Vd (t) · B1 · sin(ω0 t)
2

(6)

where ω0 is the inverter output fundamental frequency and
B1 is the Fourier coefficient of the fundamental-frequency
component of the inverter switching function [14] at ω0 .
It is apparent from the Fig. 4 waveforms that the dominant
ac frequency component in the dc bus voltage under inputvoltage sag and unbalance conditions appears at twice the input
frequency (2ωi ). Thus, the dc bus voltage Vd (t) in (5) can be
approximated as
Vd (t) = Vdc + Vdc2 · cos(2ωi t + θ2 )

(7)

where Vdc is the average value of the dc bus voltage, Vdc2 is the
amplitude of the second-harmonic voltage component, and θ2
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is the corresponding phase angle. Substituting (7) into (6), the
phase voltage can be expressed approximately as
Va0 (ω0 t) =

1
· Vdc · B1 sin(ω0 t)
2
1
+ · Vdc2 · B1 · cos(2ωi t + θ2 ) · sin(ω0 t).
2

(8)

This phase-voltage expression can be restated by applying
the following trigonometric identity
cos A · sin B =

1
· [sin(A + B) − sin(A − B)]
2

(9)

leading to
1
1
· Vdc · B1 · sin(ω0 t) + · Vdc2 · B1
2
4
· [sin(2ωi t + ω0 t + θ2 ) − sin(2ωi t − ω0 t + θ2 )] .

Va0 (ω0 t) =

(10)

Fig. 6. Closed-form analysis results of machine phase currents during type-C
sag with 2.5% voltage unbalance (50% load).

This form of the phase-voltage expression provides valuable
physical insight by showing that each phase voltage contains
three major frequency components: a steady-state component at
ω0 , a sum-frequency component at 2ωi + ω0 , and a differencefrequency component at 2ωi − ω0 . These latter two components are caused by the single-phase rectifier operation and are
undesired.
The resulting machine phase currents will contain components at these same three frequencies. Provided that an assumption of constant rotor speed is made, closed-form solutions can
be derived for the phase currents and the resulting machine
torque under the unbalanced excitation conditions.
More specifically, the resulting phase a current will have the
following form:
Ia (t) = Is0 cos(ω0 t + φ0 ) + Is1 cos ((2ωi + ω0 )t + φ1 )
+ Is2 cos ((2ωi − ω0 )t + φ2 )

(11)

Fig. 7. Closed-form analysis results of machine-torque frequency spectrum
during type-C sag with 2.5% voltage unbalance (50% load).

while the instantaneous machine torque can be expressed as
Te = Te0 + Te2 cos(2ωi t + φ2 ) + Te4 cos(4ωi t + φ4 ). (12)
Details regarding the derivations of these current and torque
expressions and the corresponding coefficients are provided
in the Appendix. Significantly, the torque expression in (12)
includes an average dc term that is contributed by the balanced three-phase excitation, and pulsating-torque components
at twice and four times the line frequency that appear because
of the input-voltage unbalance.
C. Closed-Form Analysis Results
The closed-form analysis described in the preceding section
has been applied to compute the instantaneous stator-current
and torque expressions for the 3.7-kW induction machine
described in Section I. The parameters for this machine are
provided in the Appendix.
Calculated waveforms are shown in Figs. 6 and 7 for a
460-V input line excitation with type-C sag conditions at 2.5%
voltage unbalance. This input excitation causes a 17.4-Vrms
voltage ripple at 120 Hz superimposed on the average dc bus

voltage of 632 Vdc . In this case, it is assumed that the inverter
delivers rated voltage (460 V) to the machine at its rated
frequency (ω0 ) of 60 Hz with 50% rated load.
This particular operating condition of ω0 = ωi = 60 Hz is
an interesting case since the sum and difference frequencies
[(2ωi + ω0 ) and (2ωi − ω0 )] that appear in the machine stator
currents occur at 180 Hz (positive-sequence third-harmonic
component) and −60 Hz (negative-sequence fundamental component), respectively. This causes the unbalanced stator phasecurrent waveforms in Fig. 6.
Fig. 7 shows the induction-machine-torque waveform for this
same operating condition along with its frequency spectrum.
The upper plot of Fig. 7 shows an average torque of 10 N · m
with pulsating torque that is dominated by the 2ωi (120 Hz)
component in (12). The lower plot in Fig. 7 shows the pulsatingtorque frequency spectrum (in rms newton meter) that contains
only the 120-Hz component. This is due to the fact that the
higher order torque harmonics were not included in the closedform analysis. The peak-to-peak torque pulsation at 120 Hz is
3.38 N · m, corresponding to 33.8% of the 10-N · m average
torque at 50% rated load.
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The pulsating torque in the simulated (Fig. 9) waveform
is dominated by the second line-harmonic component as expected. However, the simulated torque waveform also includes
small but nonzero Fourier components at higher order harmonics of the input line frequency, as well as the impact of the
PWM switching frequency. The peak-to-peak amplitude of the
simulated torque waveform is 3.36 N · m, matching the closedform predicted value very closely.
The positive correspondence between the calculated and simulated current and torque waveforms helps to build confidence
in the validity of the closed-form analysis.
V. E XPERIMENTAL R ESULTS
Fig. 8. Simulation results of machine phase currents during type-C sag with
2.5% voltage unbalance (50% load).

Fig. 9. Simulation results of machine-torque frequency spectrum during
type-C sag with 2.5% voltage unbalance (50% load).

IV. S IMULATION R ESULTS
The drive system shown in Fig. 3 has been simulated using
Simplorer to verify the analytical results presented above. This
simulation includes explicit models of the diode rectifier stage
and space-vector PWM operation of the inverter stage so that
it captures the effects of higher order harmonics in the dc-bus
voltage under input line sag/unbalance conditions (i.e., beyond
second line harmonic) that are neglected in the closed-form
analysis.
Figs. 8 and 9 show the induction-machine stator currents and
torque for approximately the same operating conditions used to
calculate the waveforms in Figs. 6 and 7. The simulated current
waveforms match the major features of the calculated currents
in Fig. 6 quite well, although the simulated current waveforms
include the effects of the PWM switching frequency.
The upper plot of Fig. 9 shows the predicted torque waveform
from the simulation that includes an average torque of 10 N · m
to meet the 50% load, together with torque pulsations at 120 Hz
and higher frequency harmonics. The lower plot in Fig. 9
shows the frequency spectrum of the torque waveform (in rms
newton meter).

Experimental tests have been carried out using a 3.7-kW
460-V 60-Hz ASD mounted on a laboratory dynamometer. The
test configuration is illustrated in Fig. 10, consisting of a programmable voltage-sag generator, a drive isolation transformer,
the ASD under test, an induction machine, a load machine excited by a four-quadrant ASD, and a Labview-based computer
system designed to provide data acquisition, monitoring, and
control functions.
Figs. 11 and 12 show the measurement results of the testmachine stator currents for both balanced and unbalanced
(type-C sag) input-voltage excitation conditions. The current
waveforms in Fig. 12 for 2.5% unbalance with 50% load show
many of the same features as the calculated and simulated current waveforms in Figs. 6 and 8, providing further confirmation
of the closed-form analytical results.
An in-line torquemeter was used to measure the amplitude
of the 120-Hz pulsating-torque component that was generated
by the unbalance conditions. Special consultations were made
with the torquemeter manufacturer to ensure that 120-Hz measurement could be made within the useful bandwidth of the
instrument.
Table I provides an interesting comparison of the measured
peak-to-peak pulsating-torque amplitude compared with the
predicted values from the closed-form analysis and the simulation. The same test conditions of 50% rated load and type-C
sag conditions with 2.5% voltage unbalance were applied in
all three cases. The agreement between the pulsating-torque
amplitude derived from the closed-form analysis, the simulation, and experimental tests is very good. Such comparisons
provide evidence that the closed-form expressions presented
in this paper can be applied to develop useful estimates of
the impact of unbalanced excitation on induction-machine
performance.
VI. C ONCLUSION
This paper contributes to a better understanding of the effects
of input line-voltage sag/unbalance conditions on the operation of adjustable-speed induction-machine drives by providing closed-form expressions to estimate the resulting machine
stator-current and torque waveforms. The derivation of these
expressions using dq complex equivalent circuit analysis techniques clearly shows how input line-voltage unbalance gives
rise to dc-bus voltage ripple and torque pulsations that falls
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Fig. 10. Experimental test-equipment configuration.
TABLE I
PULSATING-TORQUE COMPARISON BETWEEN CLOSED-FORM ANALYSIS,
SIMULATION, AND EXPERIMENTAL RESULTS

Conditions: 3.7-kW ASD at 50% load with a type-C Sag at 2.5%
unbalance

Fig. 11. Measured stator-current waveforms during balanced excitation at
460-V input voltage (50% load).

Fig. 13. Complex dq equivalent circuit of a three-phase induction machine in
a rotating reference frame (ω).

tics of an induction machine excited by a general-purpose (volts
per hertz) ASD. It is important to emphasize that this closedform analysis has been carried out for finite values of input line
inductances and dc bus capacitance, providing a valuable contribution beyond work previously reported in the technical literature. In particular, this analytical tool provides a useful tool
to aid the development of effective sag mitigation techniques.

Fig. 12. Measured stator-current waveforms during type-C sag with 2.5%
voltage unbalance (50% load).

principally at the second harmonic of the input line frequency
(i.e., 120 Hz).
In addition, this analysis shows why harmonic-current components at the sum and difference frequencies of [(ω0 +
2ωi ) and (ω0 − 2ωi )] appear in the machine stator currents as a
result of the input line unbalance conditions.
The availability of these closed-form expressions makes it
possible to rapidly calculate the impact of varying values of input line-voltage sag or unbalance on the operating characteris-

A PPENDIX
C LOSED -F ORM D ERIVATION
In order to calculate the phase currents for unbalanced excitation, the three phase voltages can be transformed into a complex
dq voltage space vector in a rotating reference frame and then
applied to the appropriate complex dq equivalent circuit for the
induction machine shown in Fig. 13, [15].
The definitions of the complex variables include [15] the
following:
vqds complex stator voltage;
vqdr complex rotor voltage;
stator resistance;
rs
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λqds stator flux linkage;
total stator inductance;
Ls
total rotor inductance;
Lr
Lm magnetizing inductance;
iqds complex stator current;
iqdr complex rotor current;
rotor resistance;
rr
λqdr rotor flux linkage;
stator leakage inductance;
Lls
rotor leakage inductance.
Llr
The induction-machine inductances and flux linkages are
defined as
Ls = Lls + Lm

(A1)

Lr = Llr + Lm

(A2)

λqds = Ls · iqds + Lm · iqdr

(A3)

λqdr = Ls · iqdr + Lm · iqds .

(A4)

The following differential equations govern the behavior of
the electrical variables in Fig. 13:
vqds = iqds · rs + (p + jω) · λqds

(A5)

vqdr = iqdr · rr + [p + j(ω − ωr )] · λqdr

(A6)

where p represents the differentiation operator (d/dt), ω is the
angular velocity of an arbitrary reference frame, and ωr is the
rotor angular velocity.
For this problem, it is convenient to carry out the analysis in
the reference frame that is synchronous with the inverter output
frequency so that ω = ω0 in (A5) and (A6) above. Combining
this substitution with (A1)–(A4) leads to
e
Vqds
= [rs + Ls · (p + jω0 )] · ieqds

+ Lm · (p + jω0 ) ·

ieqdr

(A7)

(A8)

where the superscript e indicates that the variables are expressed in the synchronous reference frame.
Superposition can be used to determine the machine response
to the three frequency terms in the unbalanced phase voltages
(10) on a term-by-term basis. Consider first the phase voltages
associated with the ω0 term
1
· Vdc · B1 · sin(ω0 t)
2
1
Vbo [ω0 t] = · Vdc · B1 · sin(ω0 t − 120◦ )
2
1
Vc0 [ω0 t] = · Vdc · B1 · sin(ω0 t + 120◦ ).
2

Va0 [ω0 t] =

where
2

2
· (Va0 + a · Vb0 + a2 · Vc0 ) · e−jω0 t
3

(A13)

2

(A14)

1 + a + a = 0.

Defining K0 = 1/2 · Vdc · B1 and applying (A12)–(A14) to
(A9)–(A11) leads to
e
[ω0 t] = K0 .
vqds

(A15)

Similarly, the three phase voltages associated with the
2ωi + ω0 and 2ωi − ω0 terms in (10) can be transformed into
synchronous-frame complex voltage vectors as
e
[(2ωi + ω0 )t] = K1 · ejθ2 · ej2ωi t
vqds
e
vqds

−jθ2

[−(2ωi − ω0 )t] = K1 · e

(A16)

−j2ωi t

·e

(A17)

where K1 = 1/4 · Vdc · B1 , so the complete expression
e
is
for vqds
e
vqds
= K0 + K1 · ejθ2 · ej2ωi t + K1 · e−jθ2 · e−j2ωi t . (A18)

The induction-machine equations (A7) and (A8) can then be
used to solve for the resulting stator and rotor complex current
variables ieqds and ieqdr , respectively. For a squirrel-cage induce
= 0).
tion machine, the rotor terminal voltage is zero (vqdr
For simplicity, it will be assumed that θ2 = 0.
Applying superposition, the stator and rotor currents will
have the following forms:
ieqds = Is0 + Is1 ej2ωi t + Is2 e−j2ωi t
ieqdr

j2ωi t

= Ir0 + Ir1 e

(A19)

−j2ωi t

+ Ir2 e

(A20)

(A9)

Is0 = b0 · K0 Ir0 = b0 · co · K0

−1
L2m ω0 (ω0 − ωr )
b0 = rs + jω0 Ls +
rr + Lr · j(ω0 − ωr )
−jLm (ω0 − ωr )
rr + jLr (ω0 − ωr )
Is1 = b1 · K1 Ir1 = b1 · c1 · K1

b1 = rs + Ls · j(2ωi + ω0 )
co =

L2 (2ωi + ω0 )(2ωi + ω0 − ωr )
+ m
rr + Lr · j(2ωi + ω0 − ωr )

(A10)
(A11)

(A12)

c2 =

−1

L2m (−2ωi + ω0 )(−2ωi + ω0 − ωr )
rr + Lr j(−2ωi + ω0 − ωr )

−Lm · j(−2ωi + ω0 − ωr )
.
rr + Lr · j(−2ωi + ω0 − ωr )

(A22)

(A24)

(A25)

−Lm · j(2ωi + ω0 − ωr )
rr + Lr · j(2ωi + ω0 − ωr )
Is2 = b2 · K1 Ir2 = b2 · c2 · K1

b2 = rs + Ls j(−2ωi + ω0 )
+

(A21)

(A23)

c1 =

These three phase voltages can be transformed into a dq
complex vector in the synchronous frame using
e
=
vqds

a = ej 3 π

where the coefficients can be evaluated as

e
Vqdr
= [rr + Lr · (p + j(ω0 − ωr ))] · ieqdr

+ Lm · [p + j(ω0 − ωr )] · ieqds
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(A27)

−1
(A28)
(A29)
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The electromagnetic torque impressed on the shaft of the
induction machine can be expressed as [15]
Te =


3 P
∗ 
× × Lm × Im ieqds × ieqdr
2
2

(A30)

where P is the number of poles and the last term represents the
imaginary part of the product of the complex stator current and
the complex conjugate of the rotor current. The expressions for
the complex stator and rotor currents in (A19) and (A20) can
be used to develop an expression for the product in (A30) as
follows:
∗

ieqds × ieqdr = Is0 · Ir0 +Is1 · Ir1 +Is2 · Ir2
+ (Is0 · Ir1 +Is2 · Ir0 +Is2 · Ir1 ) · e−j2ωi t
+ (Is0 · Ir2 +Is1 · Ir0 ) · ej2ωi t +Is1 · Ir2 · ej4ωi t .
(A31)

[9] J. J. Spangler, “A low cost, simple torque ripple reduction technique
for three phase inductor motors,” in Proc. IEEE APEC, Mar. 2002, vol. 2,
pp. 759–763.
[10] A. Nystrom, J. Hylander, and K. Thorborg, “Harmonic currents and
torque pulsations with pulse width modulation methods in AC motor
drives,” in Proc. 3rd Int. Conf. Power Electron. Adjustable-Speed Drives,
Jul. 1988, pp. 378–381.
[11] E. Muljadi, T. Batan, D. Yildirim, and C. P. Butterfield, “Understanding
the unbalanced-voltage problem in wind turbine generation,” in Conf. Rec.
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Evaluating (A30) with (A31) leads to the following expression for the instantaneous torque
Te = Te0 + Te2 cos(2ωi t + φ2 )+ Te4 cos(4ωi t + φ4 ).

(A32)

This expression shows that, during unbalanced input-voltage
excitation conditions, the torque consists of three terms including an average torque, a component at twice the line excitation
frequency, and a component at four times the line frequency.
This is an approximate expression since it only includes the
effects of the second harmonic of the line frequency in the dc
bus voltage, as shown in (7).
The parameters of the 3.7-kW 460-Vrms induction machine
used in evaluating these closed-form expressions as well as for
carrying out the dynamic simulations are
rs = 1.58 Ω

rr = 1.23 Ω

Lls = 17.4 mH

Llr = 23.3 mH

Lm = 258 mH J = 0.0252 kg · m2 .
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