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Analytical Solution for Cogging Torque in Surface Permanent-Magnet
Motors Using Conformal Mapping
Damir Žarko1 , Drago Ban1 , and Thomas A. Lipo2 , Fellow, IEEE
Faculty of Electrical Engineering and Computing, Department of Electrical Machines, Drives and Automation,
University of Zagreb, HR-10000 Zagreb, Croatia
Department of Electrical and Computer Engineering, University of Wisconsin-Madison, Madison WI 53706-1691 USA
We present an analytical method for the calculation of cogging torque in surface permanent-magnet (PM) motors. The cogging torque
is calculated by integrating the Maxwell stress tensor inside the air gap. The principle of complex relative air-gap permeance derived
from conformal transformation of the slot geometry is used to take into account the effect of slotting and to calculate the radial and
tangential components of the air-gap flux density required for integration of the tangential component of the Maxwell stress tensor.
We implemented the proposed analytical solution on a 7-kW four-pole surface PM motor and compared the results with finite-element
solutions. We present an example of finding the optimal magnet angular span to yield minimum cogging torque as an example of the
effectiveness of the method.
Index Terms—Air-gap permeance, cogging torque, magnetic fields, permanent-magnet motors.

I. INTRODUCTION
HE cogging torque is a well-known phenomenon which
occurs in permanent-magnet motors. It is caused by the
tendency of the rotor to line up with the stator in a particular
direction where the permeance of the magnetic circuit seen by
the permanent magnets is maximized. Together with the ripple
torque caused by the mismatch between the back-electromotive force (back-EMF) and the current waveforms it represents
torque pulsations which are highly undesirable in some applications, such as servo drives or electric steering.
A significant number of publications on cogging torque calculation and minimization can be found. Numerous methods,
some of which are mentioned later in the paper, have been developed for cogging torque minimization, and new ones are still
emerging. Therefore, the ability to calculate the cogging torque
and predict correctly the effect that cogging torque minimization
techniques have on its waveform and magnitude is important.
Although accurate field and torque calculations in electrical
machines can be carried out using the finite-element method
(FEM), numerical methods are, in general, more time consuming and do not provide closed form solutions. Alternatively,
analytical field solutions can be commonly expressed in the
form of Fourier series which makes them more flexible as
a design tool for predicting the motor performance. This is
crucial when optimization is involved in motor design, because
it requires numerous repetitive calculations before reaching the
optimal solution, which can be very time-consuming.
There are three basic approaches to the analytical calculation
of cogging torque. One approach is to calculate the torque as a
derivative of co-energy inside the air gap [1]–[7]. The second
approach is to integrate the lateral forces along the slot sides
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[8]–[12]. The third approach, which is used in this paper, is to integrate the tangential component of Maxwell stress tensor along
a circular contour inside the air gap. The analytical solution of
this type is difficult to find in the literature since it requires a
knowledge of both the radial and tangential components of flux
density inside the slotted air gap. The analytical field solutions,
which can be found in the literature [3], [5], [9], [13], [14], are
able to provide fairly good estimates of only the radial component of flux density and, therefore, are not suitable for cogging
torque calculation using Maxwell stress approach. One of the
exceptions is [15], where both flux density components in the
slotted air gap were calculated analytically.
The principle of complex relative air-gap permeance presented in [11] allows one to calculate both radial and tangential
components of the air-gap flux density and, hence, leads to the
analytical closed-form solution for cogging torque presented
in this paper, which is based on the integral of Maxwell stress
tensor. The solution is given in the form of Fourier series. One
of the drawbacks of the proposed solution is the fact that the
calculation of the complex relative air-gap permeance requires
numerical solution of a nonlinear equation, which does not
make the overall cogging torque solution entirely analytical.
There are certain artifacts of conformal mapping which lead
to inaccuracies of this solution when compared to the finite-element solution, the cause of which is discussed in detail. However, the effectiveness of the proposed solution for the purpose
of motor design has been shown on an example of cogging
torque minimization by finding the optimal magnet-arc to polepitch ratio.

II. AIR-GAP FIELD SOLUTION
The fundamental requirement for cogging torque calculation
using the Maxwell stress tensor is a knowledge of the radial and
tangential components of the air-gap flux density. The principle
of combining the closed form solution for the air-gap flux density in a slotless surface PM motor, given by Howe and Zhu
[16], and the complex relative air-gap permeance to calculate
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the air-gap field in the slotted motor has been explained in detail in [11]. Hence, in this paper the air-gap field solution will
be given without detailed derivation of all the equations.
According to results presented in [11], the flux density in the
slotted air gap of a surface PM motor can be written in the form
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Fig. 1. Basic steps required for finding the field solution in the slotted air gap
based on conformal mapping of the slot opening.

(1)
and
are the radial and tangential components of
where
and
are the
the flux density in the slotless air gap, and
real and imaginary components of the complex relative air-gap
permeance. The distribution of flux density and complex permeance along a circular arc inside the air gap can both be written
in the form of Fourier series

Fig. 2. Single infinitely deep slot opening in the

S plane.

(2)
where is the number of pole pairs,
is the number of stator
slots, is the radius inside the air gap, and is the angular
position of the rotor. The rotor position is equal to
(3)
is the mechanical rotor speed in rad/s and is time.
where
and
are calculated from [16]
The Fourier coefficients

(4)

(5)

Fig. 3. Slot opening in the

K plane (slotless air gap).

where
is the magnet remanence, is the relative recoil peris the magnet-arc to pole-pitch ratio,
is the
meability,
is the radius at the stator inner
radius at the magnet surface,
surface, and
is the radius at the rotor core outer surface.
The complex relative air-gap permeance is obtained by transforming the actual slotted air gap into a slotless air gap using
four conformal transformations. This is shown in Fig. 1. The
plane contains the original slot geometry (Fig. 2), and the
plane contains the slotless air gap (Fig. 3), while , , and
planes are used for intermediate transformations.
The individual transformations between the planes can be
written in the form of partial differential equations [11]

(6)
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where

The coefficients and represent the values of at the corner
points of the slot (points 3 and 4 in Fig. 2). The meaning of
angles and is obvious from Fig. 2. The transformations of
coordinates after solving (6) are given by

Fig. 4. Cross section of the four-pole surface PM motor.

TABLE I
PARAMETERS OF THE 24-SLOT FOUR-POLE SURFACE PM MOTOR WITH IEC
FRAME SIZE 112

(7)
The link between flux density in the
by

and

planes is given

(8)
Substituting (6) into (8) yields

(9)
where represents the complex conjugate of the complex relaand as its real and imaginary
tive air-gap permeance with
parts. The flux density
with its real and imaginary parts
and
represents the field solution in the slotless air gap given
by (2), (4), and (5). Since is a function of , which in turn is
a function of , and is the known coordinate in the actual geometry, which is also a function of , the complex permeance
is indirectly a nonlinear function of as well. For each known
coordinate in the air gap of a motor given by radius and angle
, a value of can be found using (7)
and (9). Unfortunately, transformation
in (7) is a nonlinear
equation. In order to calculate the complex permeance , the
using some numercoordinate must be calculated from
ical method for solving nonlinear equations. The Fourier coeffi, and
in (2) are calculated from the real and
cients ,
imaginary parts of at geometric points along a circular arc at
and an angular span of one slot-pitch
radius
using the discrete Fourier transform.
Examples of the field solution in the middle of the air gap
for the four-pole surface PM motor (Fig. 4), with
parameters given in Table I, are shown in Figs. 5–7. The field solution is given for the case when the centerline of the magnet is
aligned with the centerline of the slot opening. The analytically

calculated flux density shows good agreement with finite-element solution for both radial and tangential components.
III. COGGING TORQUE CALCULATION BASED ON MAXWELL
STRESS THEORY
According to Maxwell’s theory, it is possible to calculate the
total force on a rigid body placed in the electromagnetic field by
integrating the magnetic stress on the closed surface around the
body. The magnetic stress vector, i.e., the force per unit surface,
is given by [17]
(10)
where is the surface normal vector and is the flux density
vector on the surface of the body. It is clear from (10) that the
stress vector consists of two components. One component of
the vector
is in the direction of the field and the other is
perpendicular to the surface and directed towards it, as shown
in Fig. 8.
The surface which encloses the rotor of a surface PM motor
is in the shape of a cylinder placed entirely inside the air gap.
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Fig. 5. Waveforms of the flux density in the middle of the air gap of a slotless
surface PM motor. (a) Radial component. (b) Tangential component.

Fig. 6. Waveforms of the complex relative air-gap permeance in the middle of
the air gap of a slotted surface PM motor. (a) Real component. (b) Imaginary
component.

In that case the surface normal vector will be equal to the unit
length vector in the radial direction, i.e.,

The tangential component of the magnetic stress vector is of
particular interest for torque calculations. The total tangential
force on the rotor is equal to the surface integral of the tangential component of the stress vector. Hence, the motor torque is
equal to the total force multiplied by the radius of the cylindrical
integration surface. If it is assumed that the field is uniform in
the axial direction, then the surface integral becomes a line integral multiplied by the stack length of the machine. The torque
equation in the integral form can then be written as

(11)
The flux density vector will have radial and tangential components, and can be written in the form
(12)

(14)

Substituting (11) and (12) into (10) yields

(13)

where is the permeability of vacuum, is the stack length of
is the
the machine, is the radius of the integration surface,
radial and
is the tangential component of the flux density at
radius .
The radius inside the air gap at which the integration surface
is positioned is arbitrary, but for calculation purposes it can be
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radius very close to the stator surface, the analysis will be done
at which
in the middle of the air gap at the radius
the complex permeance and the flux density distribution have
been evaluated earlier.
At this point, the field solution in the air gap of a surface PM
motor at no-load operation is known. That field solution can
now be used to calculate the cogging torque by integrating the
Maxwell stress vector according to (14).
According to (1) and (2), the radial and tangential components of the flux density in the slotted air gap can be written as

(15)

(16)
The integrand of (14) includes terms consisting of multiple
sums. Using a different variable name for each sum in (15) and
(16) and knowing that the Fourier coefficients in the expressions
for the flux density and the complex permeance are calculated
, the cogging torque expression
at the radius
takes the form given by (17)

Fig. 7. Waveforms of the flux density in the middle of the air gap of a slotted
surface PM motor. (a) Radial component. (b) Tangential component.

Fig. 8. Relationship between vectors ~
n, B~ , and ~t .

problematic if the surface is placed too close to the stator inner
surface. The problem occurs at the tooth tips because at those
points the complex relative air-gap permeability has an infinite
value. For a simple slot opening, the tooth tips are located at
and
. It is apparent from (9)
the points where
that at these points is infinite. To avoid numerical problems of
dealing with infinite numbers or with very large values of at a
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(18)
It is easy to show from (18) that when

the value of

will be
(19)

Similarly, when
or
the value of

will be
(20)

(17)

The integrals in (17) will yield a result different from zero
only for certain values of , , , and . One of the terms from
(17) is used below as an example to show for which combinawill be different from
tions of , , , and the integral
zero. The integrands in (17) are expressed as the products of
sine and cosine functions. Before integration, they need to be
transformed into sums of sine and cosine functions using basic
identities for trigonometric functions. For the second term in
(17), one has

For all other combinations of , , and , is equal to zero. The
same principle can be used for all other terms in (17). Hence,
the final expression for cogging torque as a function of the rotor
position is given by (21), shown on the next page.
From (7), it is apparent that transformations of coordinates
between complex planes involve logarithmic functions. The
transformation of the infinitely long slot sides in the plane
into a circular arc of finite length on the stator surface in the
plane is achieved by logarithmic scaling of coordinates. This
transformation inevitably deforms the local space around the
slot opening since it condenses an infinite space into a finite
space. If the flux density needs to be calculated at a location
defined by the coordinates
in the plane, then the
value of the flux density in the slotless air gap which is used in
(9) needs to be evaluated at a point
in the plane
into which the point is transformed. Note that the outline of
the slot opening in Fig. 2 will be transformed into the outline of
the slotless air gap in Fig. 3. However, the radial and the angular
coordinates of the points in the
plane will not be exactly
transformed into the same coordinates of the points in the
plane. For instance, if the field distribution in the slotted air gap
needs to be evaluated along a circular line with radius where
and
, then the field distribution in the
plane needs to be evaluated along a contour into which the
circular arc is transformed. For the previously used four-pole
surface PM motor the circular arc located in the middle of the
air gap, with the radius
and an angular span
plane into which
of one slot pitch, and the contour in the
this arc is transformed have been compared in Fig. 9. If the
and
points in the plane are given in the form
the transformed points in the
plane are given in the form
, then Fig. 9(a) shows the ratio of the radii
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(21)

and Fig. 9(b) shows the angular displacement
. It is
plane is very close
apparent that the transformed line in the
to the circular arc in the plane. However, if the locations of
plane at which the flux density is to be
the points in the
calculated were adjusted to compensate the difference between
the circular arc in the plane and the transformed curve in
the
plane, then at each rotor position a new set of Fourier
coefficients for the field solution in the slotless air gap, given
by Howe and Zhu in [16], would have to be calculated. Hence,
in order to simplify our solution, an approximation is made in
which it is assumed that the transformed line in the plane is

also a circular arc with the same radial and angular coordinates
as the original arc in the plane
In addition, conformal mapping also slightly deforms the
shape of the magnets in the
plane. Therefore, a similar
approximation has also been made assuming that the magnets
will retain their original shape as in the plane to simplify the
field calculations. The attempt to compensate the deformation
of the magnet shape and improve the accuracy of the cogging
torque solution would be very difficult, since the field solution
in the slotless air gap [16] assumes that magnet has a shape of
a circular arc. In addition, the deformation of the magnet shape
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Fig. 10. Meshed finite-element model of the four pole motor.

Fig. 11. Enlarged detail of the finite-element mesh in the vicinity of the slot
opening and the magnet edge.

Fig. 9. Comparison of the circular arc in the middle of the air gap of a four-pole
surface PM motor extending one slot pitch in the S plane and its transformed
 .
shape in the K plane. (a) Ratio r =r . (b) Angular displacement 

0

due to conformal mapping is not stationary because magnets
rotate with respect to the slot openings and, hence, in each time
instant different portions of the magnet surface are affected by
the presence of slot openings.
Since interaction between the magnet edges and the slot
opening is crucial for cogging torque production, any errors in
the field solution in that sensitive area originating from spatial
deformations due to conformal mapping affect the cogging
torque solution as well. The negative influence of these spatial
deformations will become obvious from the comparison of
analytical and numerical cogging torque solutions shown later
in the paper.
The cogging torque for the four-pole surface PM motor has
been calculated using (21) and using the finite-element method.
Two major approximations mentioned earlier were used when
solving (21):
— a circular arc in the air gap in the plane is transformed
into an identical circular arc in the plane;

— the shape of the magnet in the plane is identical to the
actual shape of the magnet in the plane (arc-shaped with
constant thickness and radial magnetization).
For the FE solution, the time-stepping transient method with
moving air gap has been used. Since conformal mapping inherently assumes that the iron is infinitely permeable, for better
comparison of analytical and numerical results the same assumption has been made in the FE simulation. In order to reduce the size of the FE model and the computational effort,
the infinitely permeable iron was replaced with the Neumann
boundary condition. Fig. 10 shows the meshed FE model with
second-order elements. Fig. 11 shows an enlarged detail of the
mesh in the vicinity of the slot opening, which is the region
that requires fine discretization for cogging torque calculation.
The mesh size has been adjusted using adaptive solver to reduce
errors in the critical areas, namely the tooth tips. The cogging
torque is evaluated at 60 consecutive rotor positions using virtual work method. The analytical and numerical solutions are
compared in Fig. 12.
An obvious problem with the analytical solution is that it results in higher peak values of cogging torque, which is caused by
spatial deformations and the approximations we used. To confirm the consistency of such results, another comparison of analytically and numerically calculated cogging torque waveforms
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Fig. 12. Comparison of cogging torque waveforms for the four-pole motor calculated analytically and numerically using FE method.

Fig. 14. Comparison of cogging torque waveforms for the four-pole motor calculated analytically and numerically for two different widths of the slot opening.

Fig. 13. Comparison of cogging torque waveforms for the four-pole motor calculated analytically and numerically for two different magnet-arc to pole-pitch
ratios.

Fig. 15. Comparison of cogging torque waveforms calculated analytically for
= 0:9 with different numbers of terms used in the Fourier series for the relative air-gap permeance (N ) and the flux density in the slotless air gap (N ).

has been made in Fig. 13 for two different values of magnet
,
).
pole-arc to pole-pitch ratio (
The cogging torque waveform is also affected by the width of
the slot opening with respect to the length of the air gap. In our
case, the width of the slot opening is 2 mm, and the total air gap
length is 3.8 mm (air magnet). The cogging torque waveforms
have also been calculated analytically and numerically for the
slot opening widths of 1 and 4 mm. The results are compared in
Fig. 14. In this case, the difference in magnitude between analytically and numerically calculated waveforms is also present.
Nevertheless, both analytically calculated waveforms are properly scaled, i.e., their relative deviations from the numerical results are practically the same.
The cogging torque waveforms in Figs. 12–14 were calculated using 64 terms in the Fourier series for the complex relative
air-gap permeance and 150 terms for the flux density in the slotless air gap. However, the numbers of terms which are required

to achieve acceptable accuracy can be significantly smaller, as
indicated in Fig. 15.
According to Maxwell stress theory, the same cogging torque
waveform should be calculated regardless of the location of the
integration contour as long as it is located inside the air gap.
To show that our cogging torque solution is consistent with this
theory, the cogging torque has also been calculated at two other
and
radii, one closer to the stator surface
. The radial
another closer to the magnet surface
and tangential components of the flux density in the slotted air
gap at these two radii are shown in Figs. 16 and 17. The cogging
torque waveforms calculated at all three radii inside the air gap
are compared in Fig. 18. It is apparent from Fig. 18 and Figs. 16
and 17 that although the field solutions at these radii differ, the
cogging torque waveforms are practically the same.
It is apparent from these results that the analytical solution is
able to correctly predict the effect which motor geometry has on
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Fig. 16. Waveforms of the flux density in the air gap of a slotted surface PM
0:1g . (a) Radial component. (b) Tangential commotor at the radius r = R
ponent.

Fig. 17. Waveforms of the flux density in the air gap of a slotted surface PM motor
0:9g . (a) Radial component. (b) Tangential component.
at the radius r = R

the harmonic content of the cogging torque, both in terms of its
shape and magnitude, and that it is consistent with the Maxwell
stress theory. However, the problem of inaccuracy in terms of
magnitude, if FE solution is taken as a reference for accuracy,
remains.
Nevertheless, the analytical cogging torque solution presented
in this paper is capable of capturing correctly all the effects which
slot/pole combinations, size of the slot opening, air-gap length
and magnet dimensions and properties have on the cogging torque
waveform and magnitude. In spite of noticed differences in the
magnitude of the cogging torque obtained analytically and numerically, this analytical solution can be effectively used in an
analysis which involves comparison between a large number of
different motor designs, which is the case when optimization is
used for motor design. To support this claim, in the following section the Differential Evolution (DE) optimization method [18],
[19] combined with our analytical cogging torque solution will
be used to find correctly the magnet-arc to pole-pitch ratio which
yields minimum cogging torque.

Fig. 18. Comparison of cogging torque waveforms for the four-pole motor calculated analytically at three different radii inside the air gap.

0

0
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IV. EXAMPLE OF IMPLEMENTATION OF ANALYTICAL COGGING
TORQUE SOLUTION
There are many known cogging torque minimization techis one
niques. Adjusting the magnet-arc to pole-pitch ratio
of the simplest methods which will be used here to show the effectiveness of the presented analytical cogging torque solution.
is
Zhu and Howe [20] showed that the optimum value of
given by
(22)
where
is the least common multiple between the number of
and the number of poles , and is the factor which
slots
takes into account the fringing flux of the magnets and typically
ranges from 0.01 to 0.03 depending on the air-gap length. In our
case, the goal is to show that the analytical cogging torque solution presented in this paper can be successfully used to find
which yields minimum cogging torque and falls into the range
of values defined by (22). For that purpose, the Differential Evolution optimization method has been used.
A. Description of the Differential Evolution
Optimization Method

and
are DE control paramewhere
ters which are kept constant during optimization,
,
are randomly selected vectors
from the previous generation, different from each other and different from the current vector with index , and
is a randomly chosen index which insures that at least one
is different from
.
will be assembled
The population for the new generation
and the canfrom the vectors of the previous generation
according to the following selection scheme:
didate vectors

if
otherwise.
B. Definition of the Optimization Problem

The objective function which should be minimized is the peak
value of cogging torque, i.e.,
mech. degrees
The only design variable is

The Differential Evolution is an optimization technique capable of solving global optimization problems subject to nonlinear constraints. It operates on a population of candidate solutions and does not require a specific starting point. The population is of constant size
. In each iteration, a new generation
of solutions is created and compared to the population members of the previous generation. The process is repeated until
is reached.
the maximum number of generations
A nonlinear global optimization problem can be defined as:
Find the vector of parameters
subject to inequality constraints and subject to boundary
.
constraints which will minimize the function
The population of the th generation can be written in
,
.
the form
Each vector in PG contains
real parameters
,
,
The initial population
is generated using random values
within the given boundaries which can be written in the form

(23)
where
is the uniformly distributed random number
on the interval [0,1] which is chosen anew for each , while
and
denote the upper and lower boundaries of the vector
parameters. In every generation, new candidate vectors are created by randomly sampling and combining the vectors from the
previous generation in the following manner:

if
or
otherwise
(24)

(25)

(26)

, which is subject to constraints
(27)

All other geometric parameters of the motor are kept constant as
defined in Table I. The lowest value of 0.7 was selected to avoid
for
, which according to (22) would fall in an interval
. This magnet-arc would not be very
suitable for practical purposes since utilization of the available
space for placing the magnet within one pole-pitch would be
quite poor.
,
The population size in the DE algorithm is set to
,
.
while control parameters are
C. Optimization Results
Since only one design variable is involved, the DE algorithm
converged after only one iteration to 99% of the final value of
. After 10 iterations, the optimal value of magnet-arc to polepitch ratio was reached which is
(28)
This result falls into the range of optimal values for
given
. The analytically and numerically calcuby (22) when
are
lated cogging torque waveforms for this optimal value of
compared in Fig. 19. It is apparent from (28) and Fig. 19 that the
analytical cogging torque solution presented in this paper can be
for minimum cogging torque in
used to accurately calculate
spite of the noticed deviations from finite-element solutions.
D. Other Examples
It can also be shown in some similar examples that this
method for calculation of cogging torque, which involves
complex relative air-gap permeance and the flux density in the
slotless air gap, can equally well capture the effects of other
known methods for cogging torque minimization in surface
PM motors. Some of these methods are different slot/pole
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Fig. 19. Comparison of cogging torque waveforms calculated analytically and
= 0:8452)
numerically for the optimal magnet-arc to pole-pitch ratio (
which yields minimum cogging torque.

Fig. 20. Cross section of a part of the motor showing slots with shifted slot
openings and different tooth widths in the case of teeth pairing.

combinations including fractional slot windings [20]–[22],
adjusting the slot opening width [20], [22], air-gap length
and magnet thickness, using different types of magnetization
(radial, parallel, etc.) [22], [23], shifting of permanent magnets
[24]–[27], notches in the stator teeth [22], [24], [28], [29], teeth
pairing [4], [30], slot width pairing [31], magnet segmentation
[32], stepped skewing of magnets [22], [24], etc. However, in
some of these cases a new equation similar to (21) would have
to be derived for calculation of cogging torque.
For example, in the case of teeth pairing (see Fig. 20), the
period of the complex relative air-gap permeance is two slot
pitches and the widths of the adjacent teeth differ. The air-gap
permeance can either be assembled point by point using the solution for a single slot opening presented in this paper, or a more
accurate approach would be to calculate the permeance numerically using MATLAB SC Toolbox [33]. The real and imaginary
parts of the air-gap permeance calculated using SC toolbox for
the case when the slot opening of each slot is shifted by 2 are
shown in Fig. 21. The magnet-arc to pole-pitch ratio is
and the width of the slot opening is
mm. For calculation
, and
of cogging torque, the Fourier coefficients ,

Fig. 21. Waveforms of the complex relative air-gap permeance in the middle
of the air gap for two slot pitches in the case of teeth pairing with slot openings
shifted by 2 . (a) Real component. (b) Imaginary component.

have to be calculated from the waveforms in Fig. 21 using the
discrete Fourier transform, and in (21) the number of slots
has to replaced by
. The analytically and numerically calculated cogging torque waveforms for the case of teeth pairing
are compared in Fig. 22. The discrepancies between the waveforms are consistent with the observations made earlier. The
Differential Evolution can be used in this case as well to find
the optimum magnet-arc to pole-pitch ratio and the shift of the
slot openings which yield minimum cogging torque.
V. CONCLUSION
An analytical solution of the integral of Maxwell stress tensor
has been developed for calculation of cogging torque in surface
PM motors. The solution is based on utilization of the principle
of complex relative air-gap permeance derived from conformal
mapping theory which takes into account the presence of slots
in the stator of the motor. The method takes into account permanent magnet properties and all relevant geometric parameters
of the motor (number of slots and poles, air-gap length, magnet
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Fig. 22. Comparison of cogging torque waveforms calculated analytically and
numerically for the case of teeth pairing with slot openings shifted by 2 .

dimensions, size and position of the slot openings, etc.) which
affect the cogging torque waveform and magnitude.
In comparison with the finite-element solution, the analytical solution yields higher peak values of cogging torque. This
discrepancy is caused by spatial distortions due to the logarithmic nature of conformal transformations between complex
planes containing different air-gap geometries. Nevertheless, it
has been shown in an example that this analytical solution is
able to correctly predict the optimal magnet-arc to pole-pitch
ratio which yields minimum cogging torque. Using the principle of complex relative air-gap permeance and the flux density solution in the slotless air gap, similar solutions for cogging
torque can be derived when employing other methods of cogging torque minimization mentioned in the paper. An example
is given for teeth pairing. A method for optimization, like Differential Evolution, combined with this type of cogging torque
solution can be used in the design stage to correctly determine
the motor geometry which yields minimum cogging torque.
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[11] D. Žarko, D. Ban, and T. A. Lipo, “Analytical calculation of magnetic
field distribution in the slotted air gap of a surface permanent-magnet
motor using complex relative air-gap permeance,” IEEE Trans. Magn.,
vol. 42, no. 7, pp. 1828–1837, Jul. 2006.
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